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‘llhttuomc?d : | In an earlier publicavion [1] we introduced the
pha L TRl - notion of a Baer assembly and applied it to obtain

( 11 109 a cobrdinatisation theory for semilattices. This

B" - 40(\( (Q70) -8 was achieved by considering the semigroup of quasi-

Didte 0T dnd ) g residuated (i.e., O-preserving and 1sotone! mappings

Avail o o ©°n a bounded semilattice. in the present paper we
I -; consider the semigroup of quasrrenduated w-homo-
Dict, ) & morphisms (ox Femimopgnisma) on a bounded lattice

| and thus show now a parcicular type of one-sided

sation.theory for lattices: and 1n particular for
' ~ complemented, modular and distributive lattaices.
A .

e ;
TP L

H l - Baer assembly :zan be used to provide a codrdinati-

O THR
i

1. Introduction.

We have shown in a prev:.ou.s publication [1] how the fun_damenul
cosrdinatisation of bounded lattiz2s by Baer semigroups can be extended
vo semilattices through the concept of a Baer assembly. We recall
([1], §3) that <A;B,D;K: is & Baer assembly 1f A is & semigroup,

B and D are distinguished subsets of A and K is a two-sided

ideal of A such that

(yx€D) (Te = e’a@B) R (x) = eAs

" . (yyep (3£ = flep L.ly) = AL,
where Rxlx) = {z@A; xz@K} and LK(y) 5 {z@A; zy€ K}. In the
case where A has a zero element 0 and Kk = (0} we shall agree to
drop the suffix K. We shall assume throughout the present paper that
<he reader is familiar with the terminology and notaticn used 1n [1] .

Our :::oil here will be to isolate a type of Baer assembly which wall
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cofrdinatise a b&unded lactice and do so in such a way that the lattice
operations are readily recaptured as semigroup conditions. This we
then use to provide Baer assembly codrdinatisations of complemented,
modular and distributive lattices. The latter two results do not as
yet have analogues in the theory of Baer semigroups.

As 1n (1], the results which follow depend heavily on the choice
of the semigroup of mappings and the correzt choice of idempotents.

To establish these, we recall the following definitions and results
from [1].

Let E be an ordered set with minimum element O and maximun
element * ana let Q denote the semigroup of quasi-residuated (1.e,
O-preserving and isotone) mappings on .E. If E 1s a &-semilatrcice
we denote by T the subsemigroup of quasi-residuated W-homomorph:sms
(or kemimorpﬂisms) on E. Finally, we denote by C the subset of Q
consisting of those mappings with principal kernels, It is shown in
(1) that the mappings 3, defined by .

y if y<x;
=
(YxGE) éx(y) . it y _{_ .
are idempotent elements of T, that the mappings ?x defined by
. 5 0 if y<x;
(YxGE) wx(y) -
. xvy af yj_x,
ace }dempatents in TAC and that ([1],55)
(YL@TNC) RUE) = 849 00 o s
(Yg&T) Lig =Tl
vhere £'(0) = max(x@F; f(x) = O}, Moreover, 1:f E 18 a lattice

taen ex is an idempotent in the semigroup Res(E) of residuated



mappings on E.

— In this paper we shall restrict our attention to the semigroup

T and the mappinqas Sx and w‘x will be the idempotents of primary .

interest in the co3rdinatisation of lattices.

We recall ([1],83) that a Baer assembly 1s said to be ncrmal if
K€ BNAD and ([1],!4) that a right Baer assembly 1s a normal Baer
assembly <A;B,D;K> in which

() B is a subsemigroup of A;

(2) BG D;

(3) in the semigroup P(A), BE D.'D {i.e., DBG DJ].
The notion of a left Baer.assembly is defined similarly. A right
[resp. left) Baer.assembly <A;B,D;K* 1S said to 2sirdinatise an
ordered set E if ES®(D) = {RK(x!; x@D: [resp. Eé.((B) =

{Lx(x); x€B} where é denotes dual order isomorphism).

2. Coordinatisation of lattic?s' by one-sided Baer assemblies.
Let <A;B,D;K*" be a right Baer assembly. We shall use the
notation
(B) = {e@B; e = e> and eAGR(DI};
. (D) = {£€D; £ = £2 and Af@LB)).
We shall say that <A;B,D;K> 1s a balanced right Baer assembly if
and only 1f there exist subsets B, of (B] and D* of (D] such
. that
(1) for each x@D there 1s a unique x,@B, such that R (x) = x,A;
{2) for each x@B there 1s a unique x‘e.D‘ such that LK(X) = Ax*;
! (3 D*@g B [the "balancing factor");

Sorm ot e o
.
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(4) if e,fGB.. are such that e*fgX and frefK then
Ly(e*f) = L (f%e) = Lyle)AL, (£);
R, (e*f) = R (f*e) = I&(e‘)hhx(f').

Remark. As immediate consequences of this definition we have that
Ly(e*f) L (f*e)&(B) and R (e*f),R (f*e)& #€(D); this follows from
the fact that e*f,f*e@D*B,G BB, G BE Dy Moreover, we have x@B, <=
x = (x*), and x@D* <= x = (x,)*; for example,' if x@&B, then by
Theorem 8 of [1] we have xA = alex(x)] = ax(hx*) = R (x*) = (x*) A

whence x = (x*), by the uniqueness in (1). Finally, we note at this

"Juncture that condition (4), which expzeéses conditions on the inter-

section of right and left annihilators of products of idempotents, can
also be expressed as conditions on the elements of B, and D*. It
can be shown (though we shall not do so here) that, if we define an
element e, @B, to be r-decreasing whenever

(Y£*@D*) (e, R (£%)) R (f*e,) G R (£*)
and an element f*€D* to be l-decreasing whenever .

(Ye,&B,) (f*¢f Le(e,)) L (f%¢,)G L (e,),

then the conditions Lx(f'e) = Lx(e)n Lx(t) and R;((f'e) - Rk(c')nﬁk(f‘)

are satisfied if and only if each c;e B, is r-decreasing and each
f*@D* is L-decreasing. However, we shall use the former conditions

in order to facilitate the presentation.

Our basic model of a balanced right Baer assembly is given in the

following result.

THEOREM 1 If E 1{s a bounded lattice them <T;Res(E),TAC;{0)>
ts a balanced right Baer assembly which cobrdinatises E.



i -
Proof. That <T;Res(E),TAC; {0}> is a right Baer assembly which
co¥rdinatises £ is established by cbserving that the results of §2
3 of [1] carry over in toto to the semigroup T with wy replaced by

$y 8o that Theorem 11 of [1] with @ rex;laced by T, C replaced by
TAC and wy replaced by $y carries through in exactly the same
fashion. To show that this right Baer assembly is balanced, write
Res(E) = S and consider the subsets S, of [S] and (TAC)* of

[TAC] given by
s, = {6_; x€E} and (TAC)* = {3x; x€E}.
-(That each ex belongs to (S] follows from Theorem 9 of []]). Now

for each f@ TAC we have R(f) = 6 e T where 60_+ )¢ S,; and

£ (0) £ (0
if Oye S, is also such that R(f) = ey o T then the T-analogue of

Theorem 3 of [1] shows that we must have ey(n) = f+(o). But eym ey
+

and s0o y = £ (0) whence Oy = 6f+(o). It follows that of*(O) is

the unique element f, of (1) above. Similarly, for each f&S we

have L(f) =T o ‘u?fm where V.. .@& (TAC)*; and if 'w"ye('mcv

£(n)
is such that L(f) =T $Y then the T-analogue of Theorem 4 of ['l]

gives y = ?;(O) = f(n). Thus $f(') is the unique element f£* of
(2) above. To establish (3), we note that, by §5 of [1], each 'w‘yes

and s0 (TAC)*E S. As for (4), we have, for each xGE,

A

A
Lidy) =T "ex(u) "Tevi

R@x) - e‘w‘:‘(o)

' A
and so (6 )* = $x and  (v), = 6 . Now given e‘,oycs, we have

.T-e .T'
X

wx(z) if z<y;

- A
((0_)%e0 _](2) = (¥ _ o.0 )(z) =
x 4 LY ?x(y) it iy,
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[ o if z<y and z < x; E
Xwvz if z<y and z}_x;

a o if z_{y and y < x;
| Xvy if £{y and y_f_x.

It follows from this that (8 )* e ay’ ¥ 0 implies y { x and so if
(8)* ¢ 8 ¥O and (8 )¢« #O ve have y{x and x }y, which

we express in the usual way by writing x Jy. In this case we have

0 if zf_xny;
(xly) ($x.9y)(z) ={xwvz if zf{x and z<y;
Xxwvy if ziy,

with a similar formula for (ey)" ° Ox. It follows that, in the semi-
growp T,
an.(?x 8) < alxvy) =0 <> acx.(?y . 0)
<= a(x)waly) =0
<> a(x) =0 = aly)
. < a€LEIALE),
so that L(ﬁx 0= x.($y ¢ 8) =LO AL ). sinilarly,
a@R(§ +8) = maglexayl un@y . 0)
<> Imalg [+, x]A(+,y]
= a@R({)A n(?v‘y).
that R(® o8 ) =RE «8) = RE)IART ). This then shows th
s0 b o 0 b o 0 ALLICRE s then shows that

the right Baer assembly <T;Res(E),TAC;{0}> is balanced and completes

the proof.

The fundamental colrdinatisation of bounded lattices by one-sided

Basr assemblies may now be stated as follows:
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THEOREM 2 If E 1is an ordered set then the following conditions
are equivalent :

(1) E 1is a bounded lattice;

(2) there exists a balanced right Baer assen.zbly- <A;B,D;K> which
codrdinatises E.

Proof. (1)=(2): This is immediate from Theorem 1.

(2)=>(1): Suppose that <A;B,D;K> is a balanced right Baer
assenbly which is such that E 2 R(D). TFor each x&D we have, by
Theorem 8 of [1],

R (x) = (ReL)IR (x)] = Rl (x,a) = R (L () = R(Alx,)*) = R[(x,)*]
and, by the uniqueness in (1) and (2) of the definition,

Rx(x) -~Rx(y) o X, E Yo <™= (x,)* = (y,)*.
It follows that &(D) = {Ry (x); x@D} = {R (x); x@D*}. Moreover,
*GB, implies e*@D*, so (R (e*); ¢€B,} & (R (x); x€D*'}; and
x@D* <= x = (x,)* = ¢* for some e@B,, so (R (x); x€D*} €
(PX(.')’ e@B, }. It follows tha£ RD) = {R (x); X@D*} = {R (e*); esB,}.
To show that, when ordered by set inclusion, ®(D) is an A-semilattice,
it therefore suffices to show that, for ¢, f@B,, R (e*)NR (f*) is
in (D) whenever R.x(o')ll?x(f"). Note that this is the same as the
condition eAfJfA since Re(e*) = (e*) A = @A. Suppose then that
¢,£@B, are such that eAjJfA. Then necessarily o*fgX and flegfk;
for if, for example, e*f@&K then thx(o') = e\ and s0 fA G eA,
a contradiction. Applying part (4) of the definition, we then have
(e )| £1) GANIA = R (e*)AR (f*) = R (e*f)

and since R (e*f) = R [(e*f),)*@ R (D) we see that eANfA@ L (D). -

This shows that &(D) forms an A-semilattice. To show that #(D)
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union
also forms a [ semilattice, suppose that e,f€B, with eAl|fA. Then

again e*f#l( and f*e¢x so, by (4), Lx(e'f) = Lx(e)an(f) from
which we have Lx(e*f) s Lx(e) and Lx(e*f) S Lx(f). It follows by
Theorem 8 of [1] that [(e*f)*] A = ﬁK[Lx(e'f)] 2 ﬁK[Lx(e)] = R (e*)
and similarly &([Lx(e‘f)] =2 Rx(f*). If now h@B, is such that both
hAgd eA = Rx(e'). and hAag fA = Rx(f') then Lx(h)G ax[RK(e*)] = Ae*
and similarly Ll((h) S Af*. It follows that Lx(h)ﬁ Ae*AA Aft = Lx(e*t')
whence hA = ﬁxlnx(h)l 2R IL (e*)]. This shows that
A

(er ) £a) eA V fA = R [L (e*f)] = [(e*f)*] A = R [(e*f)*]
so that £(D) is a union semilattice in which unions are given by V
(vhich is in general different from set-theoretic union). We have thus

shown that @ (D) forms a bounded lattice, whence so also is E.

Remarks. (1) Although we shall not develop the details here, we
point out that a parallel cotrdinatisation of bounded lattices can be
obtained by using balanced left Baer assemblies <A;B,D;X>. In such an
assembly ve have D& B and DB S B and the "balancing” is obtained
by changing part (3) of the previous definition to (3') B, & D. In
this case the left Baer assembly used as a model is the left Baer
assembly <T;T,Res(E);{0}> of §5 in [1].

(2) Although the definition of a balanced right Baer assembly is
somewhat complicated, nevertheless the iattico operations are more
readily represented in the codrdinatising right Baer assembly than for
instance was the case with the semilattice operation in Theorem 1l of
[1]. Note that in the lattice case the mappings $y belong to Res (E)

vhereas in the semilattice case in ['l] the mappings wy do not.
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‘3. Cosrdinatisation of complenented lattices. -

If <A;B,D;K> is a normal Baer assembly then, by Theorem 7 of [1],
A has an identity element 1 with 1&BAD. Also, K is generated
by a central idempotent k° with k°@BAD and k® is the identity
element of K. If now <A;B,D;X> is a balance;i right Baer assembly
then from 1GBAD we have K =R (1) =1,A and K =1L (1) =Al*. It
follows that 1.' is a left identity for K and 1* is a right identity
for K, whence necessarily 1 = 1* = k° and consequently k*@ B AD*.
Similarly, from k°@BAD we deduce that A = &(k’) - (k*),A and
A= Lx(k°) = A(k°)*. These equalities show that (k°®), is a left
identity for A and (k®)* is a right identity for A, whence we have
(k*), = (k°)* = 1 and consequently 1€B,NAD*. Note also that
KAB, = (k*} = KAD*; for example, if k@KAB, then A = i.x(k) = Ak*
80 1« 1lk* = k* and it follows that k = (k*), = 1, = k°.

We can now isolate a balanced right Baer assembly which will

cobrdinatise a complemented lattice.
i

THEOREM 3 If E <18 an ordered set then the following conditions
are equivalent :
(1) E 1is a complemented lattice;
-(8) E can be codrdinatised by a balanced right Baer assembly
<A;B,D;X> whieh 'satiafiu the property
| (ye®B\(K®, 11 (3 f@BN(K°, 1))
o [Rx(c‘f) = Rx(f‘e) = Lx(c"f) - Lx(f‘e) = K,

Proof. (1)=>(2): Let E be a complemented lattice and consider

the balanced right Baer assembly <T;Res(E),TAC;{0}>. Here we have
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k®*=0 and 1 = 1dE. If O,% denote respectively the minimum and
maximum elements of E then, a5 is readily seen, Ox =0 <™ x=0,
Ox-idn <> x =%, $x-o <> x =1 gnd $x=idE <= x = 0.
It follows that, with S = Res(E),
{s,\{o,idE} = {ex; xglo,n}};

(TAC\{0,ia.} = (¥ ; x¢{o,n}}.
Suppose then that x¢{0,n} and let x' denote any complement of x.
We have
$x(y) if y <x';

A
(¥, * 0,0 0y) =
2L {$x(x') if yix',

(o] if y=0;
= {xwvy if y<x' and yix;

) otherwise,
from which it readily follows that n($x.ex,) = {0} = x.(tx-ex,). Inter-
changing x,x' gives similarly n(‘w‘x,oex) = {0} = L($x,-9x) and the
result follows.

(2)=(1): Suppose now that\ (2) holds and, given e@3\(k*,1}, let
f@B\(k,1} be such that R, (e*f) = R (f%e) = L (e*f) = L (f%e) = K.
Then clearly e*f@fX and f*ef XK (for otherwise we would be reduced
to .tho trivial case K = A) and hence eA'fA. Applying the formulae
of Theorem 2, we obtain

{ eANSA = Rx(e'f). =¥
(e ] £A)
aver =R L (ern)] = R (K) =2,
wvhich shows that fA is a complement of eA in (D). Observing that

wvhen e = Xk® we have oA = k°A = K, thch admits A as a complement

in € D), and that vhen e = 1 we have eA = A, which admits X as a
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complement in &(D), it follows that @(D) is a complemented lattice,
vhence so also is E.

Remark. For a codrdinatisation of uniquely complemented 'lattices,'
it clearly suffices to postulate the uniqueness of f in part (2) of

the above.

4, Codrdinatisation of modular lattices.

In order to obtain a codrdinatisation of bounded modular lattices,
we require the assistance of other idempotents. By way of introducing
these, we prove the following characterisation of modular lattices.

THEOREM 4 Let E be a lattice and let U denote the semigroup of
V-homomorphisms on E. 2"hen the followirg conditions are equivalent:
(1) E s modular;
(2) for all a,b&E with al{b the mapping 8.b ° E+E given by
an(buz) if z4a and z <awvb;
] o pfx) = {

ie an element of U.

ea (z) othervise,

Proof.  (1)=(2): Suppose that E is modular. since'clearly O.CU

(y)

for »ach 2@E it :uffices to show that 8 _(xvy) =6 _ (x)Ve
.,b a,b

a,b

vhenever x_j_ a, x <avb and y is any element of E. For this, we
consider the following three cases:
(1) z$a, z<avwdb and y<a:
In this case we have 68__ (x) =
a,b
an(bvx) and 8. b(y) = 6.(y) = y. Thus, since E is modular,
’
Oa'b(x)v e.'b(y) = [aAalbvwx)]vy = an(buxwy).

But from xia we have xwvy { a; and since y<a and x < avdb



T~ e.'b(xvy) = an(bvxwvy) = ea'b(x)ve
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we have xVy < bvxvy < bvavbwa = avb. Thus
.'b(y).
(i1) z}4a, z<avb ad yta, y<avb:

In this case we have

b(x) = aA(bwx) and ea b(y) = aAn(bvy). The modularity of E
’ ’

then gives
0 ,b(")vea,b(y) = [an(bvx)]v(an(bvy)] .
= {[a A(bvx)]Vbwylaa (since aa(bvx) < a]
= {[(bwx) A(awb)lVvylaa [since b < bux)
= (bvxwvy)aa [since bwx < awb].

But from x i a we have xwvy { a; and since both x,y < avb we
have xWVy < aVb. Hence

‘ pxVY) = an(buxwvy) = 6 anb (x)vea'b(y).

(iii) z4a, z<avb and yta, yfavb:
. In this case we have

..b(x) = u'\(bvx) and 9"b(y) = ea(y) = a3 go that

6 'b(x)ve (y) = [an(b_vx)]va = a,

ab
But since also xwvy _{ a and xvy { avb we see that

(xvy) = 0 (xvy) =am e (x)ve (y).

a b a,b
Parts (i), (ii),(iii) now show that, whenever a f{ b, we have
Oa'b‘U as required.
(2)=(l): By way of obtaining a contradiction, suppose that (2)
holds and that E is not modular. As is well known, E then contains

.a sublattice of the form



Now in this sublattice we observe that

a,b

{6 (bvc) = an(bwbwe) = anlavdb) = a ;
9"1')(b)vea'b(c) = {an(bub)lvc = ¢,

so that 8 U, a contradiction. This then establishes (2)=(1).
’

Remark. Observe that if we remove the restriction that aﬂ b in

‘the definition of Ga then we obtain 6 , = Oa. For if b < a

Ib 'b
then x < aUb implies x < a, so (x€E; 6, ,(x) = anbux)} =&
. ’
and if b>a then x}a, x<avb=b imply 6 , (x) =aA(bwx) =
. ’

andb = a= Ba(x). Thus we need distinguish 6‘ only in the case

b
vhere aljb.

The principal properties of the mappings ea’b when aljb ina
bounded modular lattice are listed in the following result.

THEOREM 5 Let E be a bounded modular lattice and let T be the
semigroup of quasi-residuated V-homomorphisme on E. If a,b&E are
such that allb then

(1) oa,b 18 an idanpotent of I;

(2). R(?a) =0 oT=0 , ol

: A
(3) L(ea,b) = L(Oa) =T o Wa,
A A .
(4) L(ea,b o eb) - L[R(va ° eb)l = L(6 l)’
A A
(§) I’“a ° ea,b) - L(wb ) ea) = L(e. b)'

Proof. (1) Theorem 4 shows that ea is a v-homomorphism and is -

b

’

consequently isotone. To show that 6. bc'r it then suffices to note
. = ’
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that @ _ (0) = e;(o) = 0. Toshow that 8 is idempotent, it

ab b
suffices, by virtue of the fact that 6a is jidempotent, to show that

whenever x { a and x < aWb we have Oa'b(x) - ea'blea'b(x)].

. Now for such an element x we have

8y pl0 pX)] =8, [anbux] = ea'(an(bvxn =an(bvx) =6, ().

a,b a,
A
(2) 1In the proof of Theorem 1 we observed that R(wa) = e. o T.

To establish the equality ea o T = ea o T it is sufficient, by (1),

b

to show that ea'b = ea . aa'b and 9‘l = Ga,b ) ea. Now Oa(x) <a

for all x@E and when y < a we have ea'b(y) = Ga(y). It follows
that ea,b[ea(x” = e‘[ea (x)] = Ba(x) for each x@E and so
ea.b ° 6a = Ga. Also, ,ea'b(x) < a for each x@E and so we have
ea[ea,b(x” = ea,b(x), which shows that ea ° ea,b = ea'b.

(3) This is immediate from (2) on taking left annihilators.

(4) As observed in the proof of Theorem 1, we have

ucR(\‘p“l e 0. ) <= Ima§ [«,aAb] <= Q‘R@u\b)’

b
A A :
It follows from this that R(wa ° eb) = R(wa) - emb o T. Taking

A_ A
left annihilators we obtain L[R(v‘ ° abn = I‘(Gu\b)' Now

a,b

6, b = anb if x {b,

6, () <8 (o) =amb  if x < b
= [
®, &) 0

and so we deduce that

cCL(e.'b . Ob) <> a(anb) =0 <= o@L(0 ),

and
which completes the proof of (4).

(5) As cbserved in the proof of Theorem 1, we have

ccx.(fv‘b.e.) < alavb) =0 <> &L, )

wb
A
and so L(wb o 6.) = L(eavb)' Now
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$blah(bUX)] :_"Bb(a) = avb if x{a, x < a

@b 8, p)x) = {

= =
@b[ea (X)] 'V] {x) xv)b < awb otherwise,
with w] o B ’l)(a) = awb. It follows that

GEL($aee ) <= a(awb) =0 <= aBL(Ga ),

a,b
vhich completes the proof of (5).

vb

We are now in a position to provide a cobdrdinatisation of bounded

modular lattices.

THEOREM 6 If E <is an ordered set then the following conditions
are equivalent:
(1) E <i8 a bounded modular lattice;
(2) E can be cosrdinatised by a balanced right Baer assermbly
<A;B,D; K> which satisfies the property
if e,f®B, are such that e*fK and fleffk
M) then there exists e = ¢°€A with eA = ed- and
Ryfe'f) = B 1L, (a9,
Proof. (1)=>(2):  Let E be a bounded modular lattice. To establish
(2), it suffices to show that <T;Res(E),TAC;{0}> satiséies (M). Now
given 6 ,0 @[Res(E)], such that §_ o 6 #0 and § 0 ¥ O we

have as before allb and 9. b.'r with 9. idempotent. Moreover,
’ ’

b
’
by Theorem 5, 6‘ b Ta= ea e T. Taking right annihilators in
[
q 3 A A

Theorem 5(4), we obtain finally R[L(ea,b . eb)) = R(wa . eb). This
then shows that the condition (M) is satisfied.

(2)=>(1): Suppose now that (2) holds. To show that E is a modular

lattice it suffices to show that, if (D) has a sublattice of the form
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in which increasing single lines denote €, the increasing double line
denotes €, Q=eAV fA=eA VgA and P = eANfA = eA/AgA, then
necessarily fA = gA. Now since the mapping L : (D) *» L'(B) which
is defined by L;(eA) = Lx(eA) = Lx(e) = Ae* is a dual isomorphism
(see [1], Theorem 8), it is equivalent to show that if &(B) has a

sublattice of the form

Ly (P)
.L (g) = Agt
L (e) = RAe*®
’ \ / Lx(f) = Af*
Lk{m

then necessari‘ly Af* = Ag*. Using the formulae of Theorem 2, we see
that Q= eA VgA = ﬁx[i.x(e‘q)) and, by the hypothesis (2), that P =
= ’ - <
= . - ’ =
fAMeA = R (f*e) = R [L (fe)). It follows that L (P) = L (fe) and
L;(Q) = Lx(e'g). The problem therefore reduces to showing that
->
L‘(f)a Lx(g) = Lx(g)I\LK(P)'
which is equivalent to

Af*D Ag* = Ag*nx.x(?e) ;
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Now if xE@Ag* nLlé(fe) then on the one hand x = xg* and on the oti:er
xfe€ K. The second of these gives xstx(e) = Re* and so xf = xfe*.
But gAG fA = fA andso g= E‘g whence xg = xfg = xfe'g. + Since

x = xg* we then have xg = xg*g@K and hence xfe*gex. It follows
that foLK(e*g) = L;(Q) = Lx(f) and so xff@K. But since fA = f£A
we have ff = f. We thus deduce that xf@®K and so xCLx(f) = Af*

as required. This then establishes that ﬂ(D), and hence E, is a

bounded modular lattice.

Remark. Note that in the condition (M) the element e is simply
an element of A and not necessarily in B or D. However, since

A - -
I.; is a dual isomorphism and RK[LK(ef)]E £ (D), ve see that LK(ef) =

L;&([LK(&) 1€L(B).

5. Coordinatisation of distributive lattices.

In the case of a distributive lattice, the idempotents which we
require are of a much more obvj.\ous nature. These are given in the
following result, the proof of which is clear.

THEOREM 7 Let E be a lattice and for each z@E th. t, :E+E
be given by tz(y) = zny. Then each t . 18 idempotent and, when E
is bounded, the following conditions are equivalent :

(1) E 1is distributive;

(3) (y=&E) ¢ &T.

The next result shows how the idempotents t  enjoy, in a bounded
distributive lattice, properties similar to those listed above for the

mappings ’a,b in a bounded modular lattice.

-
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THEOREM 8 Let E be a bounded distributive lattice and let T be

the semigroup of quasi-residuated W-homomorphisms on E. Then given

a,b&E we have
(1) L(ta) = L(ea); t,oT=8 0oT;
(2) L(ta ° eb) = L(eanb) = L(ta 0 tb);

(3) m)a o ty) =L, ).

wb

Proof. (1) Since for each o@&T we have (a o tai (x) = a(aAx) <

a(a) = (a o ta) (a), we see that a o ta = 0 if and only if afa) = O,

so that L(t‘) = L(ea). That t:a e T= 6‘l o T follows from the facts

that both t‘ and Ba are i.dempotent,

anx = x 1if
tawa(x” = anea(x) =
ana=a if
= Ga(x)-
and O.Ita(x)] = ea(anx) = aAX = ta(x).
{2) Since
anx < anb if
(t_ o6 )(x)=
S anb if
we see that, in the semigroup T,
a(L(t. . eb) <=> q(aAb) = 0 <=
Clnr}y, these are also equivalent to aeL(t‘ .

(3) Since
. (o]
@, ¢ t) 0 = bax) =
(bAax)va £ bva
with (3. . t‘) (r) = avb, we see that

u.l.@‘ +t) ‘> alavb) =0 <=

x < b;

x {b,

alL(ea

tb).

Ab) *

if anx < b;
it aax } b,

a@L(0 e |

avb
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We can now ptovide a codrdinatisation of bounded distributive

T lattices.
THEOREM 9 If E 1is an ordered set then the following conditions
.are equivalent :
(1) E ie a bourded distributive Z;ttice;
(2) E can be codrdinatised by a balanced right Baer assembly
<A;B,D;X> which satisfies the property
| [ there exists an abelian idempotent subsemigro'up 3,
of A such that
) (i) for each ¢@®B, there ig a unique Ee?‘
such that el = eA;
(i1) if e,f&B, are such that e"fﬁK and f*eﬂx

A - A -
| then R, (e*f) = R,lL,(ef)} = R, L, (ef)].

Proof. (1)=>(2): Suppose that (1) holds. Then it suffices to show
that <T;Res(E),TAC;{0}> satisfies the condition (D). To this end
we observe first that {t.; a@E)} clearly forms an abelian idempotent
subsemigroup of T. Writing S = Res(E), define g. = {t.: a@E}. Ve
see that g. satisfies (i) since, by Theorem 8(1), 0n o T = t. T
and if t. ¢« T= f.b e T then clearly t‘ = f.b Ms for (ii), we note
that if ©_,0 @S, are such that % c0, 70 ana % .08 40 then
alb and we see from Theorem 8(2) that R(a. . Gb) = AR[L(t‘ . Ob)l -
Rizee, o 1.

(2)=>(1): Suppose that (2) holds. From the condition (D) we see
that <A;B,D;XK> satisfies the condition (M) of Theorem 6 and so (D)
is a bounded modular lattice. To show that it is distributive, it

therefore suffices to show that it contains no sublattice of the form
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Q

“'\if“/ s
(-]
P
As in the proof of Theorem 6, we can apply the dual isomorphism L;
and show equivalently that .;(B) contains no sublattice of the form

L—)
L (P)

NN
Ae*°/°Af“ °Ag*
N7
L (Q)

To fix ideas, we shall assume that Q,P,eA and fA are related as is
shown above, so that Q= eA V fA = aK(Lx(e*f)] and, by (D}, P =
OANEA = R (e*f) = R (L (E)] where &,f@f,. Then Li(0) = L (e*f)
and L;(P) = LK(EE) . We shall now show that the conditions

L (e*f) € Ag* € L (), Ag*AAL* = L;(Q) and Ag* || Af*
together imply that Ag*.Q Ae* from which it will follow that the
above sublattice degeneratgs and R(D) is distributive. This we do
as follows. .

Ho note first that for ;.'s: we have R (g*) = gA = gA and so
q'iax. Since ;; = 53 we then have g';'g' = g‘EEGK and hence

g'EGLK(E) = ﬁx@l\) - ﬁx(gm = Ag*,

from which it follows that g*e = g*eg*. Since Ag*G L;(P) = Lx(;f)
we have 9';201(. Using the previous equality, we deduce that

q'_;g"flx 8o that ' 9'G LK(;g'f) and consequently Ag*¢g LK(;g‘f).
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Now using tht; readily established fact that
Lx(x)g Lx(y) =  (\z2&@A) Lx(zx)QLx(zy) .
ve see from the fact that L (f) = LK(E) that
L (eg*f) = L (eg*f).
Similarly, from L, (e).2 L;(Q) = L (g*f) we obtain
Ret = L (e) = LK(E) = LK(EE) 2 x.x(ég-f).

Combining the above observations, we deduce that Ae* g Ag* as required.

Remarks. (1) In the above proof it was not necessary to show that
,Lx(e-ag‘f)ﬁ J(B). That this is so follqws from the fact that a similar
proof with e,g interchanged yields Ae* = Ag* = Lx(Eg*f) = Lx(ae"f).

(2) m [1] we showed that a bounded ordered set E forms an impli-

cative (Glivenko-Brouwer) semilattice if and only if E can be codordina-
tised by a right Baer assembly <A;B,D;K> in which there is an abelian
idempotent subsemigroup £ of B such that R (D) = {er; eag}. Since
a lattice E is implicative if and orily if t.s Res(E) for each a@E,
it is easy to see from the preceding result that a distributive lattice
is implicative if ar;d only if it can be co8rdinatised by a balanced right
Baer assembly which (using the notation introduced above) satisfies the
additional condition that B, = g. or, equivalently, 3,; B. This
illustrates .once again that the essenfial difference between the lattice

and the semilattice codrdinatisations is the "Balancing factor” of §2.
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